Abstract. We calculate the bispectrum of single-field braneworld inflation, triggered by either an ordinary scalar field or a cosmological tachyon, by means of a gradient expansion of large-scale non-linear perturbations coupled to stochastic dynamics. The resulting effect is identical to that for single-field 4D standard inflation, the nonlinearity parameter being proportional to the scalar spectral index in the limit of collapsing momentum. If the slow-roll approximation is assumed, braneworld and tachyon non-Gaussianities are subdominant with respect to the post-inflationary contribution. However, bulk physics may considerably strengthen the non-linear signatures. These features do not change significantly when considered in a noncommutative framework.
Introduction
According to the inflationary paradigm, early-Universe small quantum fluctuations of the scalar field driving a period of accelerated expansion are amplified to cosmological scales by the expansion itself. These perturbations then leave their imprint into the cosmic microwave background (CMB) as thermal anisotropies. Two main physical observables are generated by this mechanism, namely, the scalar spectrum, which is (the Fourier transform of) the two-point correlation function of scalar perturbations, and the bispectrum, coming from the three-point function [1, 2, 3] . For the curvature perturbation on comoving hypersurfaces R, this reads
where |R L (k)| 2 is the power spectrum of the linear Gaussian part R L of the curvature perturbation, sum indices run from 1 to 3, and f NL is the non-linearity parameter. ‡ If f NL is momentum independent, one can write the gravitational potential in terms of R L : in real space,
which gives equation (1) with f NL shifted outside the summation over the k i s. When the statistical distribution is Gaussian, f NL = 0, the three-point function vanishes. In terms of the CMB temperature fluctuation ∆T (ê)/T , measured along the directionê, the limit of the bispectrum at zero angular separation is the skewness, S 3 (ê) ≡ (∆T /T ) 3 . For practical purposes, this is a less sensitive probe for non-Gaussianity than the bispectrum [3] .
It is common to restrict the discussion of cosmological perturbations to the power spectrum, implicitly assuming to deal with all the relevant informations that can be extrapolated from the sky. In many respects, the measured two-point correlation function is able, all by itself, to both describe the microwave sky in great detail and place observational constraints on the features of early-Universe models such as inflation.
However, the experiments of the last generation have radically changed the general attitude towards cosmology and made possible what is now recognized as a "precision era". The physical scenarios explaining the large-scale structure of the Universe can be refined by more and more accurate observational inspections. Therefore it is natural to consider the bispectrum, too, and ask what signatures of non-Gaussianity we might expect from a given theoretical model (see [8] for a comprehensive review).
A non-Gaussian spectrum can arise according to a number of different mechanisms: just to mention some, late-time non-linear evolution of cosmic structures [9] , multi-field ‡ Our definition of the non-linearity parameter (sometimes dubbed f R NL ) is −2 · 3/5 that of [4, 5] (there denoted Φ 3 ), −3/5 times that of [3] , and 3/5 times that of [6, 7] . The factor of 3/5 comes from the definition of f NL through the peculiar gravitational potential Ψ 4 , which is Ψ 4 = −3R L /5 during matter domination.
inflation or inflation with scalar spectators [10, 11, 12, 13, 14, 15, 16, 17] , curvaton scenario [18, 19, 20] , non-vacuum inflation [21, 22, 23] , higher-dimension operators in the inflaton Lagrangian [24] , inflaton with Dirac-Born-Infeld (DBI) Lagrangian [25] , † ghost inflaton [26] , and, more commonly, self-interacting inflaton [27, 28, 29, 30, 31] .
In four dimensions, it turns out that the inflationary contribution to the non-linear parameter is, for a single ordinary scalar field [6, 7] ,
where n s is the scalar spectral index
The scalar index can be written as a function of the slow-roll (SR) parameters describing the inflationary dynamics [32, 33] . At lowest SR order, that is in the quasi de Sitter regime typical of inflationary models, the spectral index and the non-linearity parameter are first order in the SR parameters, which we denote symbolically as f NL = O(ǫ). It would be interesting to see how this result is modified for braneworld cosmologies and tachyon-driven inflation. In braneworld scenarios (e.g., [34] and references therein) the visible universe and its matter content are confined into a (3+1)-dimensional Friedmann-Robertson-Walker (FRW) variety (a brane) embedded in a larger noncompact spacetime (called bulk). In the high-energy limit, the effective Friedmann equation experienced by a brane observer is, in suitable energy units,
where H is the Hubble parameter, ρ is the energy density of the matter content (assumed to be a perfect fluid), and q is a constant. The Randall-Sundrum (RS) and Gauss-Bonnet (GB) braneworlds display a more complicated evolution, but in suitable time intervals or energy "patches" equation (5) is a good approximation, with q = 2 in high-energy RS and q = 2/3 in high-energy GB. Also, tachyon cosmology can be implemented in the same formalism with little extra effort. Intuitively, we do not expect a dramatic quantitative change in the non-Gaussian effect since the patch formalism does not interfere with SR expansions except for the value of the coefficients in front of the SR parameters themselves [35, 36] . We have verified this guess in two ways.
A first confirmation may come from the stochastic approach of Gangui et al. [4] . This approach permits to estimate the order of magnitude of the effect by just considering second-order fluctuations of a self-interacting inflaton field and no gravitational fluctuations. This might seem too crude an approximation, since one should go up to second order in perturbation theory in order to fully take gravitational back-reaction into account and treat the bispectrum consistently. Surprisingly, the inflaton perturbation really encodes the main feature of the model apart from the resulting incorrect combination of SR parameters.
Stochastic inflation is an approximated method according to which the solutions of the equation of motion for the scalar perturbation in the long wavelength limit k ≪ aH are connected to those in the k ≫ aH limit at the Hubble horizon [37, 38, 39, 40, 41, 42] . Let ψ denote the scalar field on the brane. This (or its gauge-invariant version) is separated into a "classical" or coarse-grained contribution ψ (c) , encoding all the modes larger than the Hubble horizon, and a quantum or fine-grained part ψ (q) taking into account the in-horizon modes. Therefore, the classical part is the average of the scalar field on a comoving volume with radius ∼ (aH) −1 . With this decomposition, the equation of motion for ψ becomes a Langevin equation with a stochastic noise source generated by the fine-grained contribution of the quantum fluctuations (see [43] for an extension to stochastic inflation with colored noise).
Actually, we have performed the calculation of [4] with the general FRW equation (5) and the potential SR tower both for the scalar field and the tachyon. So, f NL = O(ǫ) for a generic braneworld filled with a scalar field. As we shall see, the key assumption giving rise to this behaviour is the validity of the standard continuity equation, see equation (17) below. The presence of a brane-bulk flow would introduce genuinely novel features and considerably complicate the set of dynamical equations. Also, in the presence of extra dimensions the gravitational contribution may lead to a non-trivial behavior of second-order perturbations, since to this order the interplay between extrahorizon scales and small scales may become quite delicate. This would impose a more rigorous treatment and a full second-order calculation in order to carefully evaluate non-Gaussianity produced during inflation, e.g., like those performed in [6] for the fourdimensional case.
A powerful approach in this sense is the space-gradient formalism of [44, 45, 46, 47] , a development of the separate universe method [48] (see also the earlier works [49, 50, 51, 52, 53] ). We shall follow the notation of the cited papers closely, and skip details that can be found there unaltered by brane or tachyon physics.
In this paper we achieve three goals. The first is to demonstrate the validity of the Mukhanov equation for the braneworld at large scales (section 3); this equation allows to calculate the power spectrum of the gauge-invariant scalar field fluctuation u ∝ aδψ through a SR expansion [54, 55, 56] , and was long suspected to be valid even in the braneworld case. Not only the method we shall adopt gives independent support to other proofs (e.g. [57, 58] for the RS brane), but is valid beyond the linear order in perturbation theory. The second outcome is the bispectrum of perturbations generated by either a cosmological tachyon or scenarios, such as high-energy braneworlds, with a modified Friedmann equation (section 4). Finally, in section 5 these results are extended to the case of a maximally symmetric non-commutative spacetime [59] (for a list of references, see [60, 61] ). Conclusions are in section 6.
Set-up
To begin with, it is convenient to work in the induced metric [62] 
where N(t, x) is the lapse function (N = 1 in synchronous gauge), a(t, x) is a locally defined scale factor, and {x 1 , x 2 , x 3 } are space comoving coordinates on the brane. The Hubble parameter reads H =ȧ/(Na); dots (primes) will denote derivatives with respect to t (ψ). Also, we define Π =ψ/N. The first three SR parameters, which will be all we need, are
where θ = θ ≡ 2(1 − q −1 ) for the ordinary scalar and θ = 2 for the tachyon. The SR evolution equations arė
In the slow-roll approximation, ǫ, |η|, ξ 2 ≪ 1, the inflaton potential energy V (ψ) dominates other the kinetic term and the accelerated expansion is quasi de Sitter (H, ǫ, η ≈ const.). Sometimes a subscript in the SR symbols will specify the scalar model. For an ordinary scalar field φ, the equation of motion at large scales reads (Π =φ/N)Π
while for the DBI tachyon T one has (Π =Ṫ /N)
In the separate universe approach, the physical quantities such as H(t, x), the scalar field ψ(t, x), cosmological perturbations and observables are defined on an inhomogeneous background and evolve separately through the dynamical equations at each point once the initial conditions have been specified. Then we can transform time derivatives into spatial gradients like
where θ = 1 for the ordinary scalar field and θ = θ/2 for the tachyon.
At large scales, second-order gradient terms can be neglected and the gradient generalization of the Bardeen potential [68] is conserved [44] :
where X i ≡ ∂ i ln a and the index i runs from 1 to 3. In the braneworld case, the long wavelength limit is advocated for consistently neglecting the projected Weyl tensor; this in turn is deeply intertwined with the other fundamental constraint, that is a standard continuity equatioṅ
where the barotropic index w(p, ρ) relates the pressure and energy density of the perfect fluid, p = wρ. Bulk physics affects the small-scale or late-time cosmological structure and does not play a chief role during inflation. This result has been confirmed with several methods both analytically and numerically [63, 64, 65, 66, 67, 48] . For a scalar field, the curvature perturbation on hypersurfaces with constant energy density coincides with the curvature perturbation on comoving hypersurfaces, which as a vector quantity reads
In the linear approximation, equation (18) is the spatial gradient of
where Ψ 4 = −δa/a is the gauge-invariant potential perturbing the spatial part of the metric. Define
where the speed of sound c S is c S = 1 for the ordinary scalar field and c S = 1 − 2ǫ T /(3q) for the tachyon. The spatial gradient of the Mukhanov-Sasaki variable u = −zR L corresponds to the linear limit of
whereã ≡ zH/Π. For the ordinary scalar field,ã = a. From equations (14), (20) , and (21) we get
Generalized Mukhanov equation and stochastic inflation
The evolution equation for Q i can be computed within the multi-field framework of [45] .
Here we consider the same calculation for a single field ψ in a patch given by equation (5); the results will agree with the 4D case. The first time derivative of equation (21) iṡ
where the quantity
is second order in the SR parameters. Another derivation gives
However, it is more convenient to keep the decaying mode implicitly dropped in the recursion of equation (23); then the equation of motion is
where
The extra tachyonic term is
The expression for Ω is in accordance with the computation in the linear theory [35] and, as that, is exact in the SR parameters. The expression found in [45, 46] 
Equation (26) is equivalent to a generalized Mukhanov equation (with the Laplacian term dropped) when expressed via conformal time dη = Ndt/a; since d
In the linear approximation and in momentum space, equations (26) and (31) hold for Q i ≈ ∂ i u → ik i u k , where a subscript k denotes the Fourier mode with comoving wave number k. A standard calculation in de Sitter spacetime gives the mean value of the quantum field u k :
The equation of motion for u k can be written as an equation for the coarse-grained part of u k sourced by a stochastic noise term. The coarse-grained part of the Mukhanov variable is u (c) k = u k W(kR), where W is the Fourier transform of a window function W (|x − x ′ |/R) falling off at distances larger than R. The scale R is of order of the comoving Hubble radius, R = h(aH) −1 , with h > 1 so as to encompass the whole horizon. With h sufficiently larger than 1 we can safely discard the k 2 term in the Mukhanov equation.
The final result is then extended to the non-linear gradient variable Q i at large scales, gettingQ
where the superscript (c) in Q i is understood and α(k) is a complex stochastic quantity such that the ensemble average α(k)α
; it simulates the continuous crossing of modes outside the horizon and their addition to the coarsegrained part. As they stand, equations (33) and (34) properly encode the full stochastic contribution. This would not be the case if we started from equation (25) , where the velocity degree of freedom associated with the decaying mode has been absorbed (see the discussion in [45] for more details).
Equation (33) is the nonlinear extension of the Langevin-type equation we used in the first-SR-order heuristic computation in synchronous gauge:
where U(φ) = V (φ) and U(T ) = ln V (T ). In this and the other equation one can see that there are basically two sources of non-linearity. The first one is the back-reaction of the field fluctuations on the background encoded in the noise term, the second one is the self-interaction of the scalar field represented by the potential contribution Ω (or −U ′ /(3H)). Therefore, a priori the statistical distribution of Q (c) i
(ψ (c) ) will be non-Gaussian, even if quantum fluctuations are random.
Braneworld and tachyon bispectrum
In order to compute the scalar spectrum and bispectrum, we fix the gauge to the time slicing with respect to which the kth mode crosses the horizon simultaneously for all spatial points. Then t = ln(aH), NH = (1 − ǫ) −1 , and R = he −t . In this gauge, the gradient curvature perturbation and ∂ i z are, respectively,
where in the last passage we have used the first-order patch SR expression for the scalar spectral index [35, 36] :
At first SR order,
To lowest SR order and neglecting theR i term, the curvature perturbation iṡ
where c S ≈ 1 inside ξ i and z. The power spectrum is given by the solution of the linearized equation (41): at first order in a perturbative expansion,
where z (0) is z defined on the homogeneous background. The time integration of ξ/z from the initial time t i to t is proportional to B(kR) =
to lowest SR order. In the limit of asymptotic past (t i → −∞) and future (t → +∞),
and the lowest-order amplitude
after a computation almost identical to that of [46] . At second order in the perturbation, −3Ṙ
(2)
, the only surviving term at first SR order is, by the first-order version of equation (38) ,
After computing the non-linear term R (2) , one is ready to write down the curvature perturbation at second order,
and the bispectrum (1). Actually, the integration of the window function inside the noise term corresponds to a non-linearity parameter with non-trivial momentum dependence, for which equation (2) does not hold. When one of the momenta is negligible relative to the others, that is in the squeezed limit k 3 ≪ k 1 , k 2 , by equations (45) and (1) we get
Although we have not written explicitly the momentum structure f (k), we can draw some important conclusions.
(i) Tachyon and ordinary inflation generates the same non-Gaussian signature in the limit of collapsing momentum dependence and at first SR order. Outside this approximation the non-linearity parameter f NL acquires explicit dependence on the type of scalar field and braneworld through the parameter z:
. This is in agreement with the correspondence between lowest-SR-order tachyon and ordinary observables.
(ii) Written in terms of n s , braneworld non-Gaussianity does not differ from the 4D picture, except perhaps in higher-order contributions. What changes is the inflationary model one has to impose in order to predict a given scalar spectral index. In this sense, we could regard equation (3) as a first-SR-order consistency equation joining the traditional set we explored elsewhere [36] , since both n s and f NL (through the bispectrum) are observables [69, 70] .
(iii) On the other hand, one should note that the post-inflationary era greatly enhances non-Gaussianity, up to f [74] . As explained in [8] , the true observed nonlinearity parameter is not the bare inflationary result (3) . In addition to the post-inflationary contribution, one must consider angular averaging. The total observed f NL is in fact, and at least, f obs NL = O(1) + f NL . Therefore the nonlinear effect of braneworld or 4D inflation, if the SR approximation holds as we required, is always subdominant.
Although these features can be obvious when inspecting patch cosmology, here we have derived them quantitatively. § Moreover, the gradient+stochastic approach can be the basis for next-to-leading-order SR and perturbation calculations as well as for numerical simulations [45] .
According to the 1st-year WMAP analysis, the power spectrum fully characterizes the statistical properties of CMB anisotropies: that is, f NL vanishes consistently. More precisely, the constrain on the non-linearity parameter is −58 < f NL < 134 [75] , which does not discard not only inflationary non-Gaussianity, but also other models predicting a more robust effect, f NL ≫ 1. See also [76, 77] 
Non-commutative bispectrum
Until now we have considered a commutative background throughout the whole spacetime. We can make a step further and phenomenologically assume to have a 3-brane in which the stringy spacetime uncertainty relation (SSUR), ∆τ ∆x ≥ l 2 s , holds ‡ This is basically due to the fact that at second order the longitudinal gauge condition Φ at large scales, thus providing a non-trivial second-order correction to the Sachs-Wolfe effect [6] . § The authors of [70] drew similar conclusions, claiming that equation (3) for all the braneworld coordinates {x ν }, ν = 0, 1 2 3, while the extra dimension y along the bulk remains decoupled from the associated *-algebra. Here, τ ≡ dtNa, (≈ a/H in the SR regime), x is a comoving spatial coordinate on the brane and l s ≡ M −1 s is the fundamental string scale.
Non-commutative braneworld inflation arises when we impose a realization of the *-algebra on the brane coordinates. In order to diagonalize the noncommutative algebra and induce a pure 4D SSUR on the brane, one might fix the expectation values of the background fields of the fundamental theory such that the extra direction commutes, [y, x ν ] = 0. An algebra preserving the maximal symmetry of the FRW universe is [τ, x] = il 2 s [59] , by which normal products in the action of the perturbation modes are replaced by *-products like
The non-commutative algebra induces a cutoff k 0 roughly dividing the space of comoving wave numbers into two regions, one encoding the UV, small-scale perturbations generated inside the Hubble horizon (H ≪ M s ) and the other describing the IR, large-scale perturbations created outside the horizon (H ≫ M s ). By definition, they correspond to the quasi-commutative and strongly non-commutative regime, respectively. The separate universe approach does not contrast with a non-commutative background. To understand this point, we can use the linear picture of [48] , and in particular their Fig. 1 . The basic idea is that a comoving large-scale perturbation is independently specified in two comoving locally homogeneous regions separated by a distance λ, if the size λ s H −1 of these regions is small with respect to λ. Perturbations are defined on a given background, that is a region of scale λ 0 much larger than our present horizon. Then the required hierarchy of scales is λ 0 ≫ λ ≫ λ s H −1 . In the presence of a nonlocal algebra, the string scale can play the role of natural marker in the hierarchy. For instance, setting λ s ∼ l s we just consider the IR region of *-models. If λ s H −1 > l s , the previous argument is unchanged. Since the *-product (48) does not involve homogeneous quantities (i.e., it preserves the FRW maximal symmetry), the Mukhanov equation for a non-commutative 4D [59] or braneworld [60] scenario is, at linear order and large scales,
where the effective conformal time d η ≡ (a/a eff ) 2 dη, scale factor a eff , and measure z k are constructed through smeared, momentum-dependent versions of the scale factor a ± = a(τ ± kl 2 s ). In the separate universe approach, a ± acquires a spatial dependence like the other quantities, a ± (τ ) → a ± (x, τ ). The measure z k is given by the product of z and a correction factor f z depending on the particular non-commutative model one Note that the correct procedure is first to smear the scale factor in a sufficiently small homogeneous neighbourhood, a(τ ) → a ± (τ ), and then to extend it to very large scales, a ± (τ ) → a(x, τ ± kl is assuming [60] . The de Sitter solution of equation (49) is the commutative solution (32) multiplied by f 2 a ≡ (a eff /a) 2 , which is the relative rescaling of commutative to non-commutative conformal time.
The above discussion on conserved non-linear perturbations is not modified by the introduction of a fundamental length scale. Therefore we are tempted to directly generalize equation (49) with the gradient variable Q i . Since the mass term d η z k /z k now depends on k, we define the Fourier mode of Q i as
Then equation (49) holds for u k → Q(k). One gets the t-version equation (26) by using the effective time dt = d ηa eff /N = dt/f a and settingÑ = N without loss of generality:
where F and Ω arẽ
linear cosmological spectrum comes from the first term of a gradient perturbative expansion of a nonlinear curvature perturbation satisfying a generalized Mukhanov equation of motion. The bispectrum of this quantity, which involves it at second order, governs the non-Gaussian signature eventually detectable in the CMB. By neglecting the projected Weyl tensor on the brane, we have found that the nonlinearity parameter f NL is proportional to the scalar spectral index and therefore unobservable, in agreement with past 4D calculations and even in the case of a particular realization of a noncommutative spacetime.
A way to generate a stronger non-Gaussian signal in the braneworld context might be to include the Weyl contribution, but as we have said we should expect it to play a negligible role in the long wavelength limit. Nevertheless, this issue will deserve further attention for at least two good reasons. The first is that Weyl damping was considered and shown only in the case of linear perturbations. The second is that bulk physics intrinsically provides a noise source to the Mukhanov equation through an infinite tower Kaluza-Klein scalar modes dominating at short wavelengths [57] . Therefore, while equation (26) would keep being valid, an important contribution to the stochastic noise term (34) might be lacking in the present analysis. In this case the consistency equations, included equation (3) even in the squeezed limit, would be spoiled anyway [58] .
